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This paper is concerned with the initial-boundary value problem
u s u q l f u in 0, 1 = 0, ` , .  .  .t x x u x , 0 s u x in 0, 1 , .  .  .0
with the Dirichlet, Neumann, or periodic boundary condition. Here l ) 0 is a
 .parameter, and f is an odd function of u satisfying f 9 0 ) 0 and some convexity
 . w xcondition. Let z U be the number of times of sign changes for U g C 0, 1 . It is
 4shown that there exists an increasing sequence of positive numbers lk ks0, 1, 2, . . .
 .such that any solution with z u s k blows up in finite time if l G l , and there0 k
 .exists a global solution with z u s k if l - l . Q 1996 Academic Press, Inc.0 k
1. INTRODUCTION
The blow-up of solutions is one of the most interesting and important
topics in the study of nonlinear partial differential equations. In this paper,
we are concerned with the blow-up of solutions for the semilinear diffusion
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equation
u s u q l f u in 0, 1 = 0, ` , .  .  .t x xP .  u x , 0 s u x k 0 in 0, 1 , .  .  .0
with one of the following boundary conditions:
 .  .  .B1 u 0, t s 0 and u 1, t s 0;
 .  .  .B2 u 0, t s 0 and u 1, t s 0;x
 .  .  .B3 u 0, t s 0 and u 1, t s 0;x x
 .  .  .  .  .B4 u 0, t s u 1, t and u 0, t s u 1, t .x x
 .Here l ) 0 is a parameter and f u is a smooth function of u that
satisfies the following conditions:
 .  .  .C1 f yu s yf u ;
 .  .C2 f 9 0 ) 0;
 .  .C3 f u is strictly convex for u ) 0;
` du
 .C4 - `.H f u .
 . < < py1Typical examples of f satisfying these conditions are f u s u q u u
 .  .  .with p ) 1 and f u s sinh u. We note that the conditions C1 ] C4 can
be relaxed somewhat. In fact, in the subsequent sections, we will assume
weaker conditions for f.
It is shown in many studies that a global solution exists if a parameter is
smaller than a certain critical number, but any solution blows up in finite
time if the parameter exceeds the critical number see, e.g., the survey
w x.paper of Levine 4 . The critical numbers can be determined for various
problems when solutions are limited to a class of nonnegative ones.
However, few results have been obtained when solutions are allowed to
change signs. The main difficulty lies in the fact that the nonnegativity of
 .solutions is often essential to derive differential or integral inequalities
w xwhich lead to the blow-up of solutions. Recently, the authors 5 studied
the blow-up of solutions with sign changes for a one-dimensional nonlinear
w xCauchy problem and extended the classical result of Fujita 3 by applying
the theory of infinite-dimensional dynamical systems. In this paper, we
 .study the blow-up of solutions of P by an analytical method, which is
w xcompletely different from that of 5 .
Our purpose here is to determine the critical numbers for l in the
 .problem P when the number of times of sign changes is prescribed for
initial data. We define the number of times for sign changes in the
w x  .following way. For U g C 0, 1 , we define z U by the supremum of j such
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that there exist 0 - x - x - ??? - x - 1 with1 2 jq1
U x ? U x - 0 for i s 1, 2, . . . , j. .  .i iq1
 .In the case of the periodic boundary condition B4 , we also assume
 .  .without loss of generality that U 0 / 0. We note that z U is an even
number in this case.
 4Let l be an increasing sequence of positive numbers definedk ks0, 1, 2, . . .
by
2 2¡ k q 1 p rf 9 0 for B1 , .  .  .
2 2k q 1r2 p rf 9 0 for B2 , .  .  .~l sk 2 2k p rf 9 0 for B3 , .  .¢ 2 2k p rf 9 0 for B4 . .  .
Now we state our main result.
 .  .THEOREM 1. Suppose that C1 ] C4 hold. If l G l , they any solutionk
 .  .of P with z u s k blows up in finite time. Con¨ersely, if 0 - l - l , then0 k
 .  .there exists a global solution of P with z u s k.0
This paper is organized as follows. In Section 2, we prove that if l G l ,k
 .then the solution of P blows up in finite time for any choice of u with0
 .z u s k. In Section 3, we show that if l - l , there exists a stationary0 k
 .  .solution of P that changes its sign k times in 0, 1 . Theorem 1 is
obtained as a direct consequence of these results.
2. BLOW-UP OF SOLUTIONS
 .  .We introduce the following conditions that are weaker than C1 ] C4 .
 .  .  .  .  .C19 f yu s yf u when B1 or B2 is assumed.
 .  . X  .C29 There exists a strictly convex function f u such that f 0 sq q
 .  .  . `   ..f 9 0 , 0 - f u F f u for u ) 0, and H durf u - `.q q
 .  .C39 There exists a strictly concave function f u such thaty
X  .  .  .  .   ..f 0 s f 9 0 , f u F f u - 0 for u - 0 and H durf u ) y`.y y y` y
The purpose of this section is to prove the following proposition.
 .  .PROPOSITION 1. Suppose that C19 ] C39 hold. If l G l , then anyk
 .  .solution of P with z u s k blows up in finite time.0
We need some preparation to prove this proposition. The following
w x  w x.result is due to Angenent 1 see also Lemma 2.4 in 2 .
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 .  .  .LEMMA 1. Let r x, t be a locally bounded function on 0, 1 = t , t ,0 1
 .and let w x, t be a classical solution of
w s w q r x , t w in 0, 1 = t , t , .  .  .t x x 0 1
  ..which is not identically equal to zero. Then z w ?, t is monotone nonincreas-
 .  .  .ing in t. Furthermore, if w x*, t* s w x*, t* s 0 at some x*, t* inx
 .  .   ..   ..  .0, 1 = t , t , then z w ?, t ) z w ?, s for any t g t , t* and s g0 1 0
 .t*, t .1
w xThe next lemma is due to Chen and Matano 2 .
 .  .LEMMA 2. Suppose that C19 holds. If u is a global solution of P , then
lim sgn u x , t . .
tª`
 .exists for each x g 0, 1 , where
1 for j ) 0,¡~ 0 for j s 0,sgn j s . ¢y1 for j - 0.
We are now in a position to prove Proposition 1.
 .Proof of Proposition 1. Let us consider the case where B1 is imposed.
 .Choose u with z u s k arbitrarily and suppose that the solution u of0 0
 .P exists globally in time.
Set
k q 1 p .
w x s sin k q 1 p x , k s 0, 1, 2, . . . . .  .k 2
 .We note that w x satisfiesk
wY x q l f 9 0 w x s 0, x g 0, 1 , .  .  .  .k k k
1 .
w 0 s w 1 s 0, .  .k k
 .and w changes its sign exactly k times in 0, 1 . Let b - b - ??? - bk 1 2 k
 .be zeros of w in 0, 1 , and make b s 0 and b s 1 for convenience'sk 0 kq1
 .4sake. Then the set b , b consists of k q 1 disjoint intervals.j jq1
By Lemma 1 and the implicit function theorem, the set
Z t s x , t g 0, 1 = 0, ` : u x , t s 0 4 .  .  .  .  .
1   .4consists of at most k C -curves x s j t for sufficiently large t.i is1, . . . , k
 .  4From Lemma 2, it follows that every curve x s j t crosses the points bi j
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 .  .at most finite times. Hence we can take j and t such that b , b l Z t0 j jq1
is empty for all t G t .0
Thus, we may assume without loss of generality that both u and w arek
 .  .positive in b , b for t G t . By partial integration and 1 , we havej jq1 0
d b bjq1 jq1uw dx s u w dxH Hk t kdt b bj j
bjq1s u q l f u w dx 4 .H x x k
bj
bjq1G g u w dx , .H k
bj
where we put
g u s yl f 9 0 u q l f u . .  .  .k q
 .  . bjq 1Since g u is convex by C29 and H w dx s 1, we have from Jensen'sb kj
inequality
b bjq1 jq1g u w dx G g uw dx . .H Hk k /b bj j
Thus we obtain
d
U t G g U t , .  . .
dt
where
bjq1U t s uw dx. . H k
bj
 .  .On the other hand, it follows from C29 that g u ) 0 for u ) 0 if
`   ..  .l G l , and that H durg u - `. These imply that U t and thereforek
 .u x, t blow up in finite time.
The proof for other boundary conditions can be obtained with a slight
modification. Thus we omit the details.
3. EXISTENCE OF STATIONARY SOLUTIONS
In this section we consider the existence of stationary solutions. Any
 .  .stationary solution u s u x of P satisfies0
uY x q l f u x s 0 in 0, 1 , 2 .  .  .  . .0 0
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and the boundary condition. Clearly the stationary solution is a global
solution.
 .  .We introduce the following conditions that are weaker than C1 ] C4 .
 .  .C10 f 0 s 0;
 .  .C20 f 9 u ) 0 for all u;
 .  .C30 f u ru ª ` as u ª "`.
We have the following proposition.
 .  .PROPOSITION 2. Suppose that C10 ] C30 hold. If 0 - l - l , then fork
 .each j s k, k q 1, k q 2, . . . , there exists a stationary solution of P with
  ..z u x s j.0
We need some preparation to prove this proposition. Let l ) 0 be
 .arbitrarily fixed, and let ¨ x; a be a solution of the initial value problem
¨ 0 x q l f ¨ x s 0, x ) 0, .  . .
3 .¨ 0 s 0, ¨ 9 0 s a ) 0. .  .
 .  .   .41r2LEMMA 3. Suppose that C10 and C20 hold. Set v s l f 9 0 .
 .  .  .Then ¨ x; a ra ª 1rv sin v x and ¨ 9 x; a ra ª cos v x as a ª 0 uni-
w xformly in 0, 1 .
 .Proof. By C10 ,
¨ x ; a ª 0 and ¨ 9 x ; a ª 0 as a ª 0 4 .  .  .
w x  .uniformly in 0, 1 . Hence, differentiating 3 with respect to a at a s 0
 .  .  .  .and using C20 , we see that V x [ ­r­a ¨ x; a satisfies
V 0 x q l f 9 0 V x s 0, x ) 0, .  .  .
V 0 s 0, V 9 0 s 1. .  .
 .  .  .This means V x s 1rv sin v x and V 9 x s cos v x. On the other hand,
 .  .  .it follows from 4 and l'Hospital's rule that ¨ x; a ra ª V x and
 .  . w x¨ 9 x; a ra ª V 9 x as a ª 0 uniformly in 0, 1 . This completes the
proof.
 .  .   ..LEMMA 4. Suppose that C20 and C30 hold. Then z ¨ x; a ª ` as
a ª `.
 .  .Proof. Multiplying 3 by 2¨ 9 x and integrating it, we obtain
2 2¨ 9 q F ¨ ' a , 5 .  .  .
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where
¨
F ¨ s 2l f ¨ d¨ . .  .H
0
 .  . 2Hence, for any a , b s b a ) 0 is uniquely determined by F b s a ,
and ¨ satisfies
¨ 9 x ; a ) 0, for x g 0, l , . .
¨ 9 l ; a s 0, ¨ l ; a s b .  .
 .  .for some l s l a ) 0. Then, by a change of variables and 5 , l is
obtained as
d¨l b
l s dx s .H H 1r220 0 a y F ¨ 4 .
 .  .  .By C20 , we have F0 ¨ s 2l f 9 ¨ ) 0 so that
a 2 y F ¨ ) a 2 1 y ¨rb for ¨ g 0, b . .  .  .
Thus
d¨b
l - s 2bra .H 1r220 a 1 y ¨rb 4 .
 .Since b ª ` as a ª `, it follows from l'Hospital's rule and C30 that
2 2b b
lim s lim /a F baª` bª`  .
b
s lim
l f bbª`  .
s 0.
Hence l ª 0 as a ª `.
 .  .Since 3 does not depend on x explicitly, we have ¨ 2 l; a s 0 and
 .¨ 9 2 l; a s ya . Hence, by repeating the above argument, it is shown that
  ..z ¨ x; a ª ` as a ª `.
Now let us complete the proof of Proposition 2.
Proof of Proposition 2. If ¨ s ¨ 9 s 0 for some x, then ¨ ' 0 by the
 .uniqueness of solutions of 3 . Hence ¨ 9 / 0 if ¨ s 0. This implies that as
  ..a ) 0 varies, z ¨ z; a changes one by one in view of the continuity of
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 .¨ x; a with respect to a . Thus, by Lemmas 3 and 4, the proof is
completed.
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